In this paper the plane elasticity problem for a nonhomogeneous medium containing a crack is considered. It is assumed that the Poisson's ratio of the medium is constant and the Young's modulus E varies exponentially with the coordinate parallel to the crack. First the half plane problem is formulated and the solution is given for arbitrary tractions along the boundary. Then the integral equation for the crack problem is derived. It is shown that the integral equation having the derivative of the crack surface displacement as the density function has a simple Cauchy type kernel. Hence, its solution and the stresses around the crack tips have the conventional square-root singularity. The solution is gi.ven for various loading conditions. The results show that the effect of the Poisson's ratio and consequently that of the thickness constraint on the stress intensity factors are rather negligible. On the other hand, the results are highly affected by the parameter a describing the material nonhomogeneity in E{x} = Eoexp(sx).
Introduction
In practical applications the material nonhomogeneity becomes an important factor to be considered particularly in two classes of problems. The first is a group of problems in geophysics in which, because of the size of the medium, the spatial variation of the material constants cannot be assumed as being negligible •. The foundation and contact problems in soil mechanics and the wave propagation problems in the earth's crust may be mentioned as some of the examples. The second group of problems relates to the fracture of essentially nonhomogeneous solids. "Hydraulic fracturing" of the medium which consists of sandstone and shale, the fracture of structural materials with periodically varying material properties {as in certain laminated structures}, and the fracture of variety of fuse-bonded materials used in electronics industry are some typical examples. The distinguishing feature of these materials is that the material constants are continuous and generally differentiable functions of the space coordinates, whereas in the standard particulate, layered, and fiber-reinforced composites the material constants are discontinuous functions. The consequence of the discontinuous behavior of the material in crack problems is that the nature of singularity of the stresses at the crack tip which is on the interface and at the point of intersection of a crack and the interface is quite different than the singularity exhibited by a crack tip which is fully imbedded in a homogeneous medium. Even though no systematic study of the problem appears to have been made, it is reasonable to expect that in nonhomogeneous materials with continuous and continuously differentiable elastic constants the nature of the stress singularity at a crack tip would be identical to that of a homogeneous solid. The existing solutions of crack and punch problems in certain specific nonhomogeneous materials seem to support this view.
In most of the existing solutions of problems relating to nonhomogeneous solids it is assumed that the material is isotropic, the Poisson's ratio is constant, and the Young's (or the shear) modulus is either an exponential or a power function of a space variable [lJ. In the wedge problem described in [2] the class of functions E(r,e) for the Young's modulus leading to a feasible solution has been investigated. Some sample studies of the Boussinesq and contact problems for a nonhomogeneous half space may be found in [3]- [8] . The corresponding "torsion ll problem for a half space is described in [9] and [10] . The equivalent crack problems in a nonhomogeneous medium under torsion and under anti-plane shear loading are discussed in [11] and [12] , respectively.
In the studies described in [3] and [8] , the shear modulus is assumed to be lJoexp'(yy) and in [12] lJoexp(xa+yS), where y=O is either the boundary of the half plane or the plane of the crack. In [4] -[7J and [9] - [11] it is assumed that lJ = lJolYlm, (O<m<l). This latter assumption clearly has the undesirable physical feature in that at y=O the shear modulus becomes zero. It is particularly difficult to attach any physical meaning to the solution of a crack problem carried out under this assumption. This difficulty has been removed in the crack problem considered in [13J where it was assumed that the shear modulus is given by lJ=lJo/(l+clyl), where c is a constant. It should again be noted that the solutions given .in [3]- [13] are based on the assumption that the Poisson1s ratio is constant.
In the studies mentioned above (with the exception of [12] which deals with the relatively simple problem of anti-plane shear) it is assumed th~t in the direction(s) parallel to the boundary of the half plane or the plane of the crack the shear modulus does not vary. In the case of fracture of such a nonhomogeneous medium since, generally, the plane of the crack is not a plane of symmetry, the in-plane shear component of the stress intensity factor would not be zero and hence the propagating crack would eventually align itself parallel to the direction in which the modulus varies. In the problem considered in this paper it is then assumed that the crack is located on the y=O plane, the Young1s modulus is an exponential function of x, and the Poisson's ratio is constant (Fig. 1 ).
Formulation of the Crack Problem
Consider the plane elasticity problem for a nonhomogeneous solid in which the Poisson1s ratio" is constant and the Young's modulus E is a function of x and y. Let F(x,y) be the Airy stress function. The stresses are given by (1) substituting from (1) through the Hooke's Law into the compatibility equation, for the plane problem we obtain 2 4 (aE a + aE a) 2 + (+) ( aE aE a 2 E) a 2 F E v F -2E ax ax ay ay v F 2 1 " 2 ax ay -E axay axay aE 2 aE 2 a 2 E a 2 E a 2 F_ + [2( ay) -2,,(ax) -E ay2 + "E ax2] ay2 -0 • In problems involving the study of localized phenomena such as perturbation in stress state due to the presence of a crack or a punch a material representation such as (3) would not be very unrealistic. In most cases a reasonable approximation to the actual distribution of E(x,y) can be obtained by adjusting the constants Eo' a, and y. Referring to Fig. 1 , in this problem we will further assume that E is independent of y. Thus, y=0 is a plane of symmetry provided we also consider only those external loads which are symmetric with respect to y=O. It is therefore sufficient to consider one half of the ·medium, (-~<x<~, y>O) only. By letting y=O in (4) the differential equation of the problem becomes (5) Note that (5) reduces to the standard biharmonic equation for a=O.
Assuming the solution of (5) in the form
_ClO we obtain (7) If we now look for a solution of (7) of the fonn f = exp(my) we find (8) The solution of (8) is found to be
In (9) the roots mj are ordered in such a way that Re(m 1 »0, Re(m 2 »0.
It is assumed that the problem in the absence of the crack has been solved under the actual loading conditions, and that the crack length 2a is Isma11" compared to other (planar) dimensions of the solid. Through a superposition the singular part of the solution may then be reduced to that of an infinite nonhomogeneous plane with the self-equilibrating crack surface tractions as the only external loads. Thus, in the problem of interest the stresses and displacements vanish as (x2+y2)~, and the solution of (7) may be expressed as (10) From (1), (6) and (9) it then follows that (ll)
-CD
This completes the fonnulation of the problem for the half plane y>O in which the functions Al and A2 are determined from the two boundary conditions -5-at y=O, -~<x<~. For example, let the half plane be subjected to tractions (14) on the boundary y=O and be kept in equilibrium by a resultant force applied to the medium at infinity which is collinear with a force defined by the following x and y-components:
From (12) and (13) A1 and A2 may then be obtained as follows:
The Integral Equation
We assume that the original cracked solid is loaded symmetrically in such a way that cr (x,O) = ° , -~<x<~ • xy (15) (16) (17) (18) (19) In the.perturbation problem, in addition to (19), we then have the following mixed boundary condition cryy(x,+O) = p(x) , (-a<x<a) , (20) v(x,O) = ° , a<lxl<~ ,
-6-where p(x) is a known function and v is the y-component of the displacement. From (13) and (19) it follows that (22) To obtain the second equation to determine Al and A2 we introduce a new unknown function g(x) by
From (21) and (23) (11) and (12) From (22) and (26) the functions Al and A2 are now determined as follows:
By substituting from (27) and (12) into (20) we obtain the following integral equation to determine g(x}:
-7-
-mly O(t ) -m 2 e )e
1 -x a da = p(x) , Ixl<a •
To investigate and to separate a possible singular part of the kernel in (28) the asymptotic behavior of the inner integral must be examined. From (9) we observe that for lal~ ml~lal and m2~lal. Now, by expressing the inner integral in (28) as QC) h(x,y,t) = JK(y,a)ei(t-X)a da ( 29) and by noting that any singular part h may have must be due to the behavior of K at lal~, we may write h as follows:
where ~ is the asymptotic value of K(y,a) for large values of lal. The first integral in (30) is uniformly convergent and, therefore, when substituted into (28) the limit can be put under the integral sign. It may easily be shown that (31) and the second integral in (28) may be expressed as
2f I~I e a [COS(t-X)a + i sin(t-x}aJda = (t-x)2+ y 2 • (32) -00 Also, by defining M(a) (33) and by substituting y=o in the first integral, (30) may now be written as follows:
o Finally, if we substitute from (34) into (28) and go to limit we obtain a at
where the Fredholm kernel is defined by (36) and Eo/2 is replaced by 4~0/(1+K) in order to cover both generalized plane stress and plane strain problems. Here ~o is the shear modulus at x=O, i.e., ~o = E o /2(1+v), K = 3-4v for plane strain and K = (3-v)/(1+v) for the generalized plane stress. Note that for a = 0, K = K~, k(x,t) = 0, and (35) reduces to the known integral equation of the simple (Mode I) crack problem for a homogeneous plane. For numerical solution the interval (-a,a) is normalized by defining s = t/a, r = x/a, ~(s) = get), nCr,s) = k(x,t), q(r) = p(x), -l«r,s)<l, -a«x,t)<a .
In terms of the normalized quantities the integral equation (35) and the sing1e-va1uedness condition (24) may be expressed as n [s-r + n(r,s)]~(s)ds = 4i" q(r) , (-l<r<l) , 
where G(s) is a bounded function. The unknown function G may be determined from (38) and (39) to any desired degree of accuracy by using a Gaussian integration technique to solve the singular integral equation (see, for example, [14] ). By observing that the left-hand side of (35) gives 0yy(x,O) for Ixl~ as well as for Ixl<a, through a simple asymptotic analysis, the Mode I stress intensity factors at the crack tips defined by (41) (42) may be expressed in tenms of G(s) as follows(*): (43) (44) From (23) and (37) it is seen that after obtaining G(s) the crack surface displacement may be calculated as (*) Note that poexp(aa) = pea) and the expressions (43) and (44) 
It should again be emphasized that the structure of the integral equa-.,
tion (35) is essentially the same as that of a homogeneous medium, namely its kernel has a simple Cauchy singularity. Therefore, its solution and consequently the stress state around the crack tip would have the conventional square root singularity (see (40)-{42».
Results and Discussion
The crack problem is solved for two types of loading. In the first it is assumed that the plane is loaded by prescribing the displacements in such a way that in the uncracked medium we have (46) From (46) the crack surface tractions in the perturbation problem may be expressed as follows:
In the second type of loading crack surface traction p{x) will simply be assumed to be a polynomial of the form
In the normalized integral equation (38) the material parameter B enters into the kernel through aB only. Thus the calculated stress intensity factors are given with aB as the variable. The results are given in Tables 1 and 2. Note that in the nonhomogeneous material problem since the kernel is also dependent on the Poisson's ratio v, the solution must be obtained for a given value of v, and for the cases of plane stress and plane strain separately. Tables 1 and 2 give the normalized stress intensity factors at the crack tips a and -a for plane stress and plane strain cases, respectively, by assuming that v = 0.3. The results are obtained by taking only one of the six input parameters EO' E1' Po' P1' P2' and P3 nonzero at a time. Since the problem is linear the results can be superimposed in any suitable manner. Note that for sa~, that is, for a given a and a~ or a given S and a~, as expected, the stress intensity factor ratios reduce to those of.a homogeneous medium, which, for an arbitrary traction p(x), are given by a
For sa = 0.5 the effect of Poisson's ratio on the stress intensity factors in plane stress and plane strain cases is shown in Table 3 . The results show that this effect is rather insignificant. Consequently, as seen from Tables 1-3 the difference between plane stress and plane strain results is also insignificant. Since the effect of the Poisson's ratio and the thickness constraint on the stress intensity factors is negligibly small, from the results given in Tables 1 and 2 it is possible to develop simple empirical formulas for the stress intensity factors. For example, from Fig. 2 reproducing the results for a uniformly pressurized crack (columns 6 and 7, Table 1 ) it may be seen that the stress intensity factors vary approximately linearly with the variable sa. Hence, in this case, the following approximate formulas may be used to evaluate the stress intensity factors:
(51) (52) -12-A sample result showing the crack surface displacement y(x) for a uniformly pressurized crack as calculated from (45) is given in Fig. 3 . The figure also shows vex) for a homogeneous material. As expected, in the nonhomogeneous medium in the stiffer portion of the material the crack surface displacement is smaller than that of the homogeneous medium, and the reverse trend m~ be observed in the less stiff portion of the material.
In this as well as in the previous studies the assumption of constant Poisson's ratio has been made for analytical reasons. Even though not very conclusive, the results given in this paper show that neglecting the possible spacial variation of the Poisson's ratio is not a very restrictive assumption.
...... Table 1 . The normalized stress intensity factors for various loading conditions for the case of generalized plane stress (v=0.3).
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